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Abstract-The consideration of saturated and non-saturated porous solid materials as for instance
soil, concrete, sinter materials, polymeric and metallic foams, temperate ice, living tissues, etc.
naturally falls into the category of muitiphase materials, which can be described by use of a
macroscopic continuum mechanical approach within the well-founded framework of the Theory of
Porous Media (TPM). In the present contribution, granular elasto-plastic porous solid skeletons
(frictional materials) are taken into consideration, where, regardless of whether or not the solid is
fluid-saturated or empty, localization phenomena can occur as a result of local concentrations of
plastic strains. As a consequence oflocalization phenomena, the numerical solution of the governing
equations generally reveals an ill-posed problem. In particular, the shear band width strongly
depends on the mesh size of the finite element discretization by the fact that each mesh refinement
leads to a decrease of the shear band width until one obtains a singular surface.

In the present article, it is shown that the inclusion of fluid-viscosity in the saturated case and
the inclusion of micropolar grain rotations both in the saturated and in the non-saturated case leads
to a regularization of the shear band problem. On the other hand, the inclusion of micropolar
degrees of freedom in the sense of the Cosserat brothers additionally allows for the detennination
of the local average grain rotations. The numerical examples are solved by use of finite element
discretization techniques, where, in particular, the computation of shear band localization phenom
ena is carried out by the example of the well-known geotechnical slope failure problem and two
additional academic problems, which clearly demonstrate the efficiency of the proposed procedure.
© 1998 Published by Elsevier Science Ltd. All rights reserved.

I. INTRODUCTION

Basically, the description of saturated, partially saturated and empty porous solid materials
as for instance concrete, sinter materials, polymeric and metallic foams, temperate ice,
living tissues, etc. can be carried out by use of two generally different strategies. On the
other hand, the different materials constituting the porous medium, i.e. porous skeleton
and pore content (liquid and/or gas), can be taken into account by a micromechanical
approach. In this case, each of the materials can be treated, on its own domain, as a single
body as far as the different interaction mechanisms at the internal boundaries are properly
taken into consideration. On the other hand, one can prescribe an a priori assumption of
homogenized substructures and apply the well-founded framework of the Theory of Porous
Media (TPM). The TPM approach is based on a macroscopic continuum mechanical
description of multiphase materials proceeding from the axioms of the classical theory of
mixtures (theory of heterogeneously composed continua with internal constraints) together
with the concept of volume fractions. In general, both procedures lead to comparable
results, provided that the results of the micromechanical treatment are related to the
macroscopic domain by convenient averaging strategies. However, apart from some indus
trial products, there is no information about the geometry of the internal pore structure
of both artificial porous materials (e.g. metallic foams) and natural porous solids (e.g.
geomaterials). As a result, one can rather apply a virtual than a real averaging procedure
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to the microstructure of the considered materials. Furthermore, since there is enough
experience on macroscopic testing of porous materials, the present considerations directly
proceed from the macroscopic description of multiphase materials given by the framework
of the Theory of Porous Media. The fundamentals of Porous Media Theories, the devel
opment ofgeneral TPM material models, the comparison of the TPM with other approaches
to multiphase materials, e.g. the Biot's approach or general averaging theories, as well as
recent developments can be taken from the relevant literature. The interested reader is
referred, for instance, to the work by Biot (e.g. Biot, 1941, 1956) and the articles by
Truesdell and Toupin (1960), Bowen (1976, 1980, 1982), de Boer and Ehlers (1986), de
Boer et al. (1991), Ehlers (1989, 1993a, b), Haupt (1993), Ehlers and Kubik (1994), Coussy
(1995), Ehlers et at. (1995) and de Boer (1996).

In the present contribution, polar and non-polar granular elasto-plastic solid skeletons
(frictional materials) are taken into consideration, where, in the case of micropolar
materials, the additional rotational degrees of freedom are applied in the sense of the
Cosserat brothers, cf de Borst (1991, 1993), Steinmann (1994, 1995) or Ehlers and Yolk
(l997a---c). When the solid is saturated, it is assumed that the pore spaces are filled with a
viscous pore-liquid. Mass exchanges between the solid and the liquid materials are excluded
and both constituents are assumed to exhibit the property of material incompressibility.
This assumption is justified insofar as both the compressibility of the solid material and the
compressibility of the pore-liquid are much smaller than the compressibility of the solid
skeleton (bulk material). Furthermore, the solid skeleton is assumed to undergo only
small deformations (geometrically linear theories), even in the framework of elasto-plastic
deformations. However, it may be possible that, in the shear band zone, the accumulated
plastic strains exceed the geometrically linear range. On the other hand, this usually happens
only in a very small domain and, therefore, does not justify the enormous complexity of
the geometrically non-linear elasto-plasticity of micropolar solid materials. Following this,
the non-symmetric effective skeleton stress is governed by an extension of the Hookean
elasticity model, whereas the couple stress is governed by a similar function of the elastic
curvature tensor. In frame of the ideal-plastic approximation, the plastic yield limit is
governed by the single-surface yield criterion by Ehlers (I 993a, 1995), which, in the present
article, is extended by the inclusion of both the non-symmetric part of the effective skeleton
stress and the couple stress tensor. Based on the concept of the non-associated plasticity,
an additional plastic potential function is introduced to govern the plastic strain rate.
Concerning the plastic rate of curvature tensor, it is shown that this quantity can be directly
computed from the plastic strain rate by use of the micropolar compatibility condition,
which, in the case of elasto-plastic materials, has been firstly presented by the authors
(Ehlers and Yolk, 1997b).

It is known from various experiments, e.g. from biaxial tests, that porous frictional
materials exhibit a distinct dilatant behaviour in the plastic domain. As a result, local
softening effects occur even in case of the ideal plasticity concept. Thus, dilatancy leads to
a localization of plastic deformations in thin bands of finite width (shear bands). However,
it is well known that the width of these bands cannot be computed by use of the standard
continuum mechanical description, i.e. by use of the concept of non-polar materials in the
non-saturated range. In particular, the finite element solution reveals an ill-posed problem,
since the shear band width decreases with each mesh refinement until one obtains (ideally)
a singular surface.

In the present article, it is shown that the inclusion of fluid-viscosity in the saturated
case and the inclusion of micropolar grain rotations both in the saturated and in the non
saturated case leads to a regularization of the shear band problem. On the other hand, the
inclusion of micropolar degrees of freedom additionally allows for the determination of the
local average grain rotations. The numerical examples are solved by use of finite element
discretization techniques in the spatial domain together with one-step methods in the time
domain. In particular, the computation of shear band localization phenomena is carried
out by the example of the well-known geotechnical slope failure problem and two ad.ditional
academic problems (numerical biaxial experiments), which clearly demonstrate the
efficiency of the proposed methods.
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2. GOVERNING EQUATIONS

2.1. Kinematics
By use of the Theory of Porous Media (TPM), fluid-saturated porous solid skeleton

materials are considered as a mixture of immiscible constituents cp' with particles X' (a = S:
solid skeleton; a = F: pore-fluid). In this framework, empty skeleton materials are treated
as a special case of saturated media, where the mechanical effect of the pore content is
neglected. In general, at any time t, each spatial point x of the current configuration is
simultaneously occupied by material points X' of all constituents cp' (superimposed conti
nua). These particles proceed from different reference positions X, at time to. Thus, each
constituent is assigned an individual motion function

The volume fractions

x = X,(X" t).

na = n'(x, t)

(1)

(2)

are defined as the local ratios of the constituent volumes v' with respect to the bulk volume
v. Thus, the saturation conditions yields

(3)

Associated with each constituent cp' is an effective (realistic or material) density paR and a
partial (global or bulk) density p'. The effective density paR is defined as the local mass of
cp' per unit of v', whereas the bulk density p' exhibits the same mass per unit of v. The
density functions are related by

(4)

Proceeding from (4), it is obvious that the property of material incompressibility of any
constituent <p' (defined by paR = const.) is not equivalent to global incompressibility of this
constituent, since the partial density functions can still change through changes in the
volume fractions n'.

It follows from (1) that each constituent is assigned its own velocity and acceleration
fields (Lagrangean description) :

, ax, (X" t)
x =, at (5)

With the aid of the inverse motion function X; 1 , the corresponding Eulerian description
reads

x, = x,(x, t), X, = Xa(X, t). (6)

Assume that r is any arbitrary, continuous and sufficiently often continuously differ
entiable function of (x, t). Then, the material time derivatives of r corresponding to the
individual motion functions of cp' yield

or ,
(n;,) = at + grad r· x,. (7)

Therein, the operator "grad(')" characterizes the partial derivative of (.) with respect to
the position vector x of the actual configuration.
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Concerning the problem of saturated or empty porous skeleton materials, it is con
venient to consider the solid motion in the frame of the Lagrangian description by the
introduction of the displacement vector

(8)

while the pore-fluid is better described by a modified Eulerian formulation, where the
seepage velocity wf' is taken as the kinematic variable characterizing the velocity of the
pore-fluid relative to the deforming skeleton:

(9)

From (1) and (8), the material deformation gradient and the displacement gradient of
the solid skeleton are:

Fs = Grads x, Hs = Grads Us. (10)

Therein, the operator "Grads(')" defines the partial derivative of (-) with respect to the
reference position Xs of cps. From the displacement gradient, one easily derives the classical
measures of the geometrically linearized theory

H Ssym = ~(Hs+HD =:8s ,

H sskw = ~(Hs-HD =: ips x I. (11)

Therein, 8s is the linear Lagrangean solid strain, ips is the so-called continuum rotation
vector, I is the second-order identity (fundamental tensor of second order), and (-)T is the
transpose of ('). The external tensor product between vectors and tensors (cf de Boer, 1982)
is defined by

(12)

3

E is the Ricci permutation or the fundamental tensor of third-order, respectively. Given
(11 h, it is straightforward to obtain ips as a function of H s :

3

ips = -~E(HsSkW)' (13)

In extension of the continuum mechanical description of the skeleton material, additional
micropolar degrees of freedom are introduced via the independent rotation ~ s, thus,
defining the total average grain rotation ips, in the framework of the geometrically linearized
theory, as the sum of the continuum rotation and the additional micropolar rotation, viz:

(14)

By use of the additional micropolar degrees of freedom, the linear Cosserat strain tensor
8Sc and the linear curvature tensor Ks yield:

3

8sc = Hs +E ips, Ks = Grads ips·

The symmetric and skew symmetric parts of the Cosserat strain are

(15)
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8Scsym = ~(Hs + HD,

3

8Scskw = ~(Hs-HD+Eq,s. (16)

In this representation, 8Scsym equals the linearized Lagrangian strain 8s of non-polar
materials, whereas

3 3 *
8Scskw = E(q,s-CPs) = Ecps (17)

exhibits a tensorial measure for the additional micropolar rotation ~s. Finally, with the aid
of (16) I and (17), the Cosserat strain 8sC' alternatively to (15) b can be expressed by

I T 3 *
8Sc = z(Hs+Hs)+ECJ's

(18)

Furthermore, the Cosserat strain and the linear curvature tensor are related to each
other by the micropolar compatibility condition, which can be obtained from (10)2 and
(15) by use of the Schwarzian exchangeability rule of partial derivatives:

23 3 3 23

Grads 8Sc -GradI 8Sc =(EKs)l_(EKs}~T. (19)

ik

Therein, the transpositions (o)T indicate an exchange of the i-th and k-th basis systems
included into the tensor basis of higher order tensors. The additional topscript (o)!! defines
the included contraction (0) to yield a tensor of n-th order (de Boer, 1982). In a simple
index notation, the above compatibility condition has firstly been proposed by Nowacki in
1969 (cf Nowacki, 1986). In general, (19) consists of 27 scalar equations. However, since
there are only nine independent equations incorporated into (19), this relation can be solved
with respect to Ks by use of the methods of the general tensor calculus. Thus,

I 3 13 23

Ks = zE(Grads 8Sc + GradI 8sc-GradI 8 Sc )l. (20)

This representation of the micropolar compatibility condition is a novelty and has firstly
been published, as far as the authors are aware, by Ehlers and Yolk (l997b). As a result of
(20), it follows immediately that once 8sc is given, it is straightforward to compute Ks•

2.2. Balance relations
Proceeding from the general geometrically non-linear formulation, the governing bal

ance relations of the problem under consideration can be taken from the relevant literature
on the Theory of Porous Media, cf e.g. Bowen (1980), de Boer and Ehlers (1986) or Ehlers
(1996). However, under the present circumstances, the balance relations of the standard
formulation of the classical TPM must be extended by the introduction of elements of
multiphase micropolar theories (cf Diebels and Ehlers, 1996). In the framework of a purely
mechanical theory ofmicropolar multiphase materials, the following balance equations for
mass, momentum and moment of momentum (m.o.m.) hold:

• Balance of mass: (p'): + p' div X, = jY,

• Balance of momentum: pax, = div T" + paba + p',

• Balance of m.o.m.: [2p" (W,<")')sym + p'S"]w, + p"S'(w,):

= I x T" + div M' + pac' + rn'. (21)
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In these relations, T' is the non-symmetric Cauchy stress tensor of micropolar materials, b"
is the volume force per unit of lp"-th mass, 0" is the tensor of microinertia, ro" = (cp")~ is
the rotational velocity corresponding to CPO' M" is the couple stress tensor, and c" is the
body couple stress vector per unit of lp"-th mass. Furthermore, the quantities p", p" and rn'
represent the density production and the direct parts of the momentum production and
the moment of momentum production, respectively; "div(')" is the divergence operator
corresponding to "grad(·)".

Furthermore, I x T" defines twice the axial vector corresponding to the skew-symmetric
part ofT" (de Boer, 1982):

The quantity

3 A

I x T" = - E T" = 2t".

W" = ro" x I

(22)

(23)

denotes the skew-symmetric micropolar gyration tensor (Diebels and Ehlers, 1996) with ro"
as the corresponding axial vector.

The production term included into (21) are restricted to the following constraints:

k

L p' = 0,
a=l

k

L p"+p"x, = 0,
~=l

k

I rn" = o.
cr:=1

(24)

Considering the special case of quasi-static processes of a liquid-saturated porous skeleton
material and excluding mass exchanges between the solid and the fluid constituents, i.e.
p" = 0, the balance eqns (21) yield:
Balance of mass:

Balance of momentum:

Balance ofm.o.m.:

0= divT"+p"b+p",

pS+pF = O.

o= I x T" + div M" + pac" + rn",

(25)

(26)

(27)

In (26)[0 it has been assumed that b" is the gravity force. Thus, b" = bVlp". Furthermore, to
obtain the above representation of (27)" the well-known simplifying assumption of spheri
cal microparticles has been applied to yield (W,0")sym = O.

Moreover, the consideration of a binary model consisting of a micropolar skeleton
and a non-polar pore-fluid where rnF = 0 (de Boer et al., 1991), substitutes (27) by
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(28)

Based on the property ofmaterial incompressibility of both constituents (p,R = const.),
solid skeleton and pore-liquid, the sum of the individual mass balance eqns (25), the
saturation condition (3) and the density relation (4) combine to yield:

(29)

This equation represents the volume balance relation or the incompressibility constraint of
the binary material under study:

3. CONSTITUTIVE MODELLING

3.1. General setting
In order to close the set of governing equations for the liquid-saturated micropolar

skeleton material under study, constitutive equations must be formulated for the solid and
the fluid stress tensors r(a E {S, F}), the solid couple stress tensor MS and for the interaction
force (direct momentum production) iV = - ps. As a result of the incompressibility assump
tion of both materials, the expressions for the stress tensors and for the interaction force
consist of two terms each:

r = -n'pI+T~,

pF = P gradnF+p~. (30)

The first term in these relations includes the Lagrangian multiplier p, which can be identified
as the effective liquid pressure, while the second term, in the sense of an extra quantity,
index ('h, is governed by the solid deformation and the pore-liquid viscosity (Ehlers, 1989).
In solid mechanics, the solid extra stress is known, following Terzaghi (1923), as the effective
stress of the soil material (de Boer and Ehlers, 1990). As is usual in hydraulics, it is
assumed that the liquid extra stress or the frictional stress, respectively, can be neglected in
comparison to the other terms incorporated into the momentum balance relation of qi'.
Thus, the a priori assumption T~ = 0 is applied. The internal friction between the skeleton
and the viscous pore-liquid is taken into account by the effective drag force or the direct
momentum production term, viz:

(31)

Therein, yFR = pFRlbl is the effective (true) specific weight of the pore-liquid and lC is the
Darcy permeability coefficient, which is generally given as a function of the porosity or the
solid deformation, respectively. In the framework of geometrically linear theories, it is
assumed that

(32)

In this relation, mk is a material number, and n~s is the solid volume fraction in the reference
configuration of cps. Furthermore, lC is related to the intrinsic (or physical) permeability
parameter KS of the skeleton material via
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(33)

J1.FR is the effective shear viscosity parameter of cpF. It follows from (33) that the permeability
parameter e, in the sense of a macroscopic quantity, provides information about both the
local size and isotropic structure of the pore-space and the fluid viscosity.

3.2. Polar and non-polar elasto-plastic frictional skeleton materials
The following considerati01s are based on the assumptions of geometrically linear

deformations, where the elasto-plastic Cosserat strain ESc is additively decomposed into
elastic and plastic parts. Thus, from this decomposition and the micropolar compatibility
condition (20), it is straightforward to conclude that the elasto-plastic curvature tensor Ks
must also be additively decomposed into elastic and plastic parts, viz:

(34)

In extension of the Hookean elasticity model, the constitutive equation of the non
symmetric solid extra stress reads

where

4 4

T~ = [2J1.S I sym + 2J1.~ I skw + AS(I ® I)]Es,",

4 23 13

I sym = H(I ® I) T+(101) T],

4 23 13

I skw = H(I 0 I) T - (101) T].

(35)

(36)

4 4

The application of the fundamental tensors of fourth order, I sym and I skw , to an arbitrary
second order tensor yields its symmetric and its skew-symmetric parts. The material par
ameters J1.s and AS are the Lame constants of the porous skeleton material, whereas J1.~ is an
additional parameter governing the influence of the skew-symmetric part of the elastic
Cosserat strain ESce on the effective stress of the skeleton material. In analogy to the strain
relation (18), the symmetric part of T~ represents the solid stress for non-polar skeleton
materials, whereas the skew-symmetric part of polar skeleton materials is directly related
to the independent micropolar rotation ~s. Finally, it should be noted that in case of
materially incompressible skeletons, AS includes the structural compression modulus
(Ehlers, 1993a, b), thus governing the influence of elastic volume strains based on local
porosity variations on the macroscopic stress behaviour.

Concerning the constitutive equation governing the couple stress tensor, the general
assumption must be chosen in analogy to (35). Thus,

4 4

MS = [2,asI sym + 2,a~ I skw + ;:S(I ® I)]Kse . (37)

Basically, P.s, ,a~ and A.s in (37) have the same meaning as J1.s, J1.~ and AS in (35), however,
P.s, ,a~ and :F do not relate the elastic Cosserat strain tensor to the non-symmetric stress
tensor but the elastic curvature tensor to the couple stress tensor. However, because there
is a considerable uncertainty concerning the experimental determination of the material
parameters included into (37), it is convenient with respect to the numerical computations
to apply the simplified set-up by de Borst (1991) instead of (37):



Theory of porous media based on polar and non-polar elasto-pJastic solid materials 4605

Proceeding from (38), the assumption jis = ji~ = jl
S (m 2 is made, where l~ is usually

interpreted as an internal length scale parameter. Thus, l~ implicitly offers the possibility
to include the shear band width into the model; however, l~ cannot be taken as the shear
band width itself.

In order to describe the plastic material properties of both non-polar and polar skeleton
materials, one has to introduce a convenient yield function to bound the elastic domain
together with evolution equations for the non-symmetric plastic strain rate (8scp)~ and the
plastic rate of curvature tensor (Ksp)~' Throughout the present article, use is made of the
ideal plasticity concept.

Concerning the introduction of a yield function for frictional porous materials, an
extension of the single-surface yield criterion by Ehlers (l993a, 1995) is applied, compare
Fig. 1. By extension of the original yield function towards the most general case of micro
polar cohesive-frictional materials, one obtains

F' = $'/2 +.81 +81 2
- K = 0,

$ = IIDsym(l +y,9)rn +~aI2 +l52I4 +k, MS. M S+k2IIskw ,

9 = IIIDsym/(IIDsym) 3/2 . (39)

In this representation f!} = {a,.8, y, l5, c, m, K, k" k2} is a set of nine material parameters; I,
IIDsym and IIIDsym are the first and deviatoric (negative) second and third principal invariants
of the symmetric part of the effective stress Ti, whereas IIskw defines the second principal
invariant of the skew-symmetric part of T~. :

1= n· I,

II - 'TSD 'TSD
Dsym - '2 Esym Esym,

III - !TSD '(TSD T SD
)Dsym - 3 Esym Esym Esym'

- I

I

- 83

Fig. I. Single-surface yield criterion for non-polar cohesive-frictional materials; S" S2, S3 : principal
stresses TI,ym (tension positive).

(40)
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The index (.)D characterizes the deviatoric part of the respective tensorial object. The
material parameters r:J., p, 6, Band K govern the representation of the yield surface in the
hydrostatic plane, whereas the parameters y and m are responsible for the smoothly tri
angular yield curve in the deviatoric plane. For an extended discussion of the single-surface
criterion (39) and its application to non-polar cohesive-frictional materials, the reader is
referred to Ehlers (1995). In addition to the first seven material parameters included in the
set f!l>, k) and k2 additionally introduce the skeleton's micropolarity properties into the yield
criterion, thus governing the influence of the couple stress and the skew-symmetric part of
the effective skeleton stress on the onset of plastic yielding. Note in passing that (39) is
different from the suggestion made by Ehlers and Yolk (1997a). In particular, the influence
of micropolarity has been included into the function <I> in order to additionally govern the
deviatoric shape of P. In the framework of dilatant frictional materials, softening effects
occurring in the localization zones can be described even in the framework of the ideal
plasticity concept. Furthermore, the ideal plasticity concept implies that all material par
ameters of the yield criterion are constants, where the following relations between pand K

and the angle of internal friction ¢ and the cohesion c hold:

p = ~sin¢, K = ccos¢. (41)

The reader who is interested in further information on the adjustment of the included
material parameters to test results, is referred to Ehlers (1993a, 1995). However, concerning
the determination of k] and k2, further experimental data is necessary, which has not been
produced by laboratory tests yet.

In addition to the single-surface yield function defined above, evolution equations
(flow rules) for the plastic Cosserat strain rate (IlScp)~ and the plastic rate of curvature
tensor (Ksp):s must be considered. Concerning the representation of these equations, one
has to take into account that the usual associated flow rule concept cannot be applied to
frictional materials (cf e.g. Lade and Duncan, 1973). In particular, the use of an associated
flow rule for (Ilscpts would predict completely wrong results in the description of the
deviatoric part and, even worse, of the volumetric part of the plastic strain rate (dilatancy
and contractancy). Thus, in the framework of the non-associated plasticity, an additional
plastic potential function is introduced, viz:

(42)

The difference between the yield function (39) and the plastic potential function (42) results
in the fact that (42) exhibits, in the principal stress space of non-polar materials, a circular
shape in the deviatoric plane, whereas (39) is characterized by a triangular shape with
rounded corners. The function g(l) serves to adjust of the dilatation angle vp to test results,
compare Figs 2 and 3.

ductile ~ brittle
,,

102 Im 101

Fig. 2. Hydrostatic plane of the single-surface yield criterion for cohesive-frictional materials.
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Fig. 3. Dilatation angle of the non-associated flow rule.

Once the plastic potential is given, it is straightforward to determine the plastic strain
rate by differentiation of GC with respect to the effective solid stress:

(43)

In good accordance with experimental data, this relation predicts co-axial behaviour of the
deviatoric part of (8scp)~. Concerning the volumetric part, the function g(l) is chosen in
such a way that the direction of (8s<p)~, in the brittle range, approximately lies in the middle
between the associated and the deviatoric direction, compare Fig. 3. In the ductile range
and at the tip of the yield surface, g(l) predicts associated behaviour. Note in passing that,
in the framework of the non-associated plasticity concept, the introduction ofan additional
plastic potential function instead of the direct assumption of a non-associated flow rule (as
was proposed by Ehlers and Yolk, 1997a) yields considerable numerical advantages.

In the literature on micropolar elasto-plasticity, it is usually assumed that the flow rule
for (Ksp)~ is independent from the flow rule for (Gscp)~. Consequently, an additional evol
ution equation is proposed. This procedure has also been applied by the authors (Ehlers
and Yolk, 1997a). However, it was found that one obtains a very inconvenient convergence
behaviour in the framework of finite element computations, when the micropolar degrees
offreedom are active, e.g. in the location zone. This bad convergence immediately vanishes,
when the micropolar compatibility condition is used, i.e. when the independent flow rule
for (Ksp)~ is substituted by an evolution equation directly related from (20) and (43) (Ehlers
and Yolk, 1997b). Thus,

3 13 23

(Ksp)~ = ~ E(Grads(8scp)~ + GradI (8Scp)~ - GradI (8scp)~)l. (44)

4. WEAK FORMULAnON OF THE GOVERNING FIELD EQUATIONS

Based on consideration of four independent fields, the solid displacement Us, the
seepage velocity WF, the effective liquid pressure p (pore pressure) and the total average
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grain rotation ips, the corresponding four equations of the weak formulation can be obtained
from the kinematics, the balance relations and the constitutive equations of the model
under study. Concerning the quasi-static problem under consideration, the seepage velocity
can be eliminated by use of the momentum balance of the pore-fluid. Thus, WF loses the
status ofan independent field variable, and the number ofequations ofthe weak formulation
reduces to three. These equations are given by the solid and fluid momentum balance eqns
(26)), the volume balance relation (29) and the moment of momentum balance eqn (28)1
of the solid material.

The first equation results from the sum of the solid and the fluid momentum balance
equations multiplied by the test function bus, viz:

Therein, t is the external load vector acting upon both constituents. Concerning the pore
liquid, one obtains from the momentum balance (26)1 together with the constitutive eqns
(30) and (31) and the density relation (4) that

(46)

The second equation

(47)

represents the incompressibility constraint of both materials given by the volume balance
(29) of the whole aggregate multiplied by the test function bp. Insertion of (46) into (47)
yields

where n is the outward oriented unit surface normal. In order to complete the set of
equations, multiplication of the moment of momentum balance (28)1 by the test function
bips results in

(49)

Proceeding from the assumption that there is no external loading by couple stress
vectors CS and surface couples mS = MSn, one obtains instead of (49):

(50)

The eqns (45), (48) and (50) represent the so-called displacement~rotation~pressure

formulation of the problem, which has basically been used throughout the following
numerical examples. In case of non-polar skeleton materials, these equations reduce to the
well-known displacement-pressure formulation, where (50) is dropped. Furthermore, the
empty skeleton material is either computed from (45) and (50) or from (45) alone with
p == 0 and nF == O. Finally, in the framework of the standard Galerkin procedure, the
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included test function bus, bp and bips and the related weighting functions coincide and
correspond to respective field quantities.

Concerning the quasi-static model under consideration, a spatial discretization of the
governing weak equations yields with the aid of finite element discretization techniques a
matrix differential equation of first order in time:

du
M dt +k(u) =/ (51)

Therein, M is the generalized mass matrix, k(u) is the global stiffness vector, u is the
vector of the unknown field functions, andfis the generalized force vector. As a consequence
of the material incompressibility constraint of both constituents, solid skeleton and pore
fluid, there is no evolution equation for the effective liquid pressure p. Thus, one obtains a
system of differential-algebraic equations (DAE) in time, i.e. M included into (51) does not
have the full rank.

The final step toward a finite element discretization is to choose the element types and
the associated shape functions. Proceeding from triangular elements with six nodes, the
unknown fields are approximated either by linear or by quadratic shape functions. In
particular, quadratic shape functions have been used to approximate us, whereas linear
shape functions have been applied for p and ips.

5. NUMERICAL EXAMPLES

Concerning the following numerical examples, the included material parameters are
fitted in comparison with Schad's model (Schad, 1979), compare Table 1.

Example 1: Slope failure induced by an excavation process
The first numerical example describes the geotechnical slope failure problem induced

by an excavation process, compare Fig. 4.
From the classical literature (cf e.g. Terzaghi and Jelinek, 1954), it is well known that

the onset of the failure process depends on the actual excavation height and on the angle
of the excavated slope. Once a critical height is reached, the upper part of the slope (dark
shaded region) is sliding down along the failure line under an angle of 45° - ¢/2; ¢ is the
angle of internal friction of the soil material. Concerning the present example, ¢ can be

Table I. Material parameters

Parameter

Lame constants

Effective densities

Volume fractions

Effective liquid weight
Permeability

Parameters of the single-surface yield criterion

Cosserat parameters

Symbol Value

5583 kN/m'
8375 kN/m'
2600 kg/m3

1000 kg/m'
0.67
0.33

10 kN/m3

1.2' 10- 7 mjs
100

1.0740' 10-2

0.1195
1.555
1.377' 10-4 m2jkN
4.330' 10- 6 m'jkN

10.27 kN/m'
0.5935
l'IO- 3 m
5'103 kNjm'
o
I
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Fig. 4. Slope failure induced by an excavation process.

1_ 10 ill ----;.-1- 11 ill --..;;"'~I~E-- 16m _I

14 ill

J

Fig. 5. Geometry and initial mesh of the FE computations.

obtained from (41) with f3 from Table 1 to yield 21 o. Around the failure line, a shear band
occurs, namely as a result of a localization of plastic deformations.

In the numerical simulation, an excavation velocity of 0.67 m/day was assumed; the
critical height was found at 6.70 m. The geometry and the initial mesh of the finite element
computations can be taken from Fig. 5. However, a remeshing strategy is applied, when
plastic deformations occur. The following figures show the results of the numerical com
putations. Three different combinations of material properties have been used to solve the
problem. In particular, an empty micropolar solid skeleton (Fig. 6), a liquid-saturated

Slope failure (Cosserat, empty): accum. plastic strains

Inslitut fur Mechanik (Bauwesen). Universital Sluttgart, Lehrstuhlll, Prot Dr.-Ing. W. Ehlers

PANDAS
Ie) 1994-1997 P. Ellsiepen

> 3.500E-Ol

2.917E-Ol

2.333E-Ol

1. 750E-Ol

1.167E-Ol

5.833E-02

< O.OOOE+OO

Fig. 6. Empty micropolar skeleton immediately after having reached the critical height.
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Slope failure (Cosserat, fluid): accum. plast. strains

I Institut fur Mechanik (Bauwesen), Universitat Stuttgart. Lehrs1uhlll, Prof. Dr.-Ing. W. Ehlers

PANDAS
(e) 1994-1997 P. Ellsiepen

> 3.500E-01

2.9:7E-01

2.333E-01

1. 750E-01

1.167E-01

5.833E-02

< O.OOOE+OO

Fig, 7. Saturated micropolar skeleton 20 days after having reached the critical height.

Slope failure (standard, fluid): accum. plastic strains

Institut fOr Mechanik (Bauwesen). Universitat Stu1tgart, Lehrstuhl II, Prof. Dr.-Ing. W. Ehlers

PANDAS
(C) 1994-1997 P. Elisiepen

> 3.500E-01

2.917E-01

2.333E-01

1.750E-01

1.167E-01

5.833E-02

< O.OOOE+OO

Fig. 8. Saturated non-polar skeleton 20 days after having reached the critical height.

micropolar solid skeleton (Fig. 7) and a liquid-saturated non-polar solid skeleton (Fig. 8)
have been investigated. In any case, the onset of the failure process occurred when the
critical height was reached. Concerning the empty skeleton (Fig. 6), the complete failure
process proceeds instantaneously after having reached the critical height. Also in case of
the liquid-saturated skeleton, the failure process immediately starts when the critical height
is reached. On the other hand, as a result of the included fluid viscosity, no instantaneous
course of the complete process can be observed. Instead, a time-dependent process takes
place, which lasts several days in case of the present examples. Figures 7 and 8 show the
failure states 20 days after having reached the critical height. The development of the shear
bands is easily observed; however, in the saturated case, these bands exhibit a slightly
weaker development than the bands in the unsaturated case.

As a result of these and further investigations, the following conclusions can be made:

(a) The localization problem ofan empty non-polar skeleton cannot be realized numerically
(ill-posed problem).

(b) The inclusion of micropolar degrees of freedom and the inclusion of fluid viscosity
both yield a regularization of the numerical shear band problem.
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Slope failure (Cosserat, empty): accum. plastic strains

Institut fUr Mechanik (Bauwesen), Universit;;t Stuttgart, Lehrsluhl II. Prof Dr.-Ing. W. Ehlers

Fig. 9. Empty micropolar skeleton with l~ = 50 mm.

Slope failure (standard, fluid): accum. plastic strains

Instllut fur Mechanlk (Bauwesenl. Universital Stuttgart, Lehrstuhlll, Prof. Dr.-Ing. W. Ehlers

Fig. 10. Saturated non-polar skeleton with k~ = 1.2· 10- 10 m/s.

PANDAS
{C) 1994-1997 P. Ellsiepen

> 3.50CE-01

2.917E-01

2.333E-01

1.750E-C1

1.167E-01

5.833E-02

< O.OCOE+OO

PANDAS
(C) 1994-1997 P. Ellsiepen

> 3.500E-01
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2.333E-01

1. 750E-01

1.167E-01

5.833E-02

< O.OOOE+OO

(c) The shear band width implicitly depends on the internal length scale parameter Ie as
well as on the viscosity of the included fluid.

Concerning the last remark, consider Figs 9 and 10 in comparison with Figs 6 and 8,
where the influence of both the internal length scale and the fluid viscosity on the shear
band width is demonstrated. In particular, describing an empty micropolar material, it is
seen from Figs 6 and 9 that an increase of I~ from I mm (cf Table I) to 50 mm yields a
significant increase of the shear band width. To show the influence of the Darcy permeability
parameter on the shear band width, compare Figs 8 and 10. With respect to the saturated
non-polar material, these figures show that a decrease of k~ from 1.2 '10- 7 mls (cf Table
I) to 1.2· 10- 10 mls also leads to an increase of the shear band width. However, since
modifications ofk~ either imply variations of the intrinsic permeability KS or of the included
effective fluid shear viscosity J1FR, cf (33), it is easily concluded that a variation k~ means a
modification of the basic material properties. In contrast to this, a modification of the
length scale parameter included into micropolar theories only influences the shear band
width itself, since the additional micropolar degrees of freedom are only active in the
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Slope failure (Cosserat, fluid): total rotations

Institut fUr Mechanik (Bauwesen), Universitat Stuttgart, LehrslUhlll, Prof. Dr.-Ing. W. Ehlers

PANDAS
{C) 1994-1997 P. Ellsiepen

> 2.000E-01

1.583E~01

7.500E-02

3.333E-02

-8.333E-03

<-5.000£-02

Fig. II. Total average grain rotation of the saturated micropolar skeleton 20 days after having
reached the critical height.

Slope failure (Cosserat, fluid): porosity

Insti!u! fur Mechanik (Bauwesen), Universitat Stuttgart. Lehrstuhlll, Prof Dr,-Ing. W Ehlers

PANDAS
(C) 1994·1997 P. Ellsiepen

> 4.000£-01
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3.767E-01
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3.417£-01

< 3.300E-01

Fig. 12. Porosity localization of the saturated micropolar skeleton 20 days after having reached the
critical height.

localization zones, cf Fig. II. Finally, Figs 6--11 furthermore show that micropolarity is a
much stronger regularization tool than fluid viscosity.

In Fig. II, the influence of the total average grain rotations is plotted. It is easily seen
that the rotations occur in the failure zone, where the individual grains ofgranular materials
are rolling one upon the other. Figure 12 exhibits the localization of the porosity variable
nF

• It is seen from this figure that a porosity localization (dilatation) occurs in the same
area as the localization of the accumulated plastic strains. Finally, Fig. 13 shows the extra
pore pressure distribution defined as the local pore pressure minus the pore pressure
distribution related to the gravity force of a comparable purely elastic computation. In
particular, it is seen from the negative extra pore pressure distribution (extra pore suction)
that the fluid tends to flow into the dilatation area. Ofcourse, at the outer surface boundary,
a zero pore pressure distribution was prescribed.

Example 2 : Biaxial test
Based on the material parameters of Table I, the second example concerns a numerical

simulation of a biaxial test of an empty porous solid material, compare Fig. 14. This
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Slope failure (Cosserat, fluid): extra pore pressure PANDAS
(el 1994-1997 p, Ellsiepen

> 5.000E+Ol

Instilut fUr Mechanik (Bauwesen), Universitat Stuttgart. Lehrstuhlll, Prof. Dr.-Ing. W Ehlers

-2.750E+02

-6.000E+02

-9.250E+02

-1. 250E+03

-1. 575E+03

<-1.900E+03

'---~~~~~~~~~~~~~~~~~~~~~--~~-------

Fig. 13. Extra pore pressure distribution of the saturated micropolar skeleton 20 days after having
reached the critical height.

r

h = 0.2 ill tl

I
-~-b=O.2m---

Fig. 14. Course mesh for the numerical biaxial test.

problem is characterized by a constant horizontal load of tt = 100 kN/m2 and a time
depending surface displacement of u = 0.2t· mm/s. To stimulate a localization process, the
generally homogeneous problem is subjected to a local decrease of the Lame constants J..ls
and AS by 1% in the weakened area. The computations have been carried out on a course
mesh (651 elements), a medium mesh (1284 elements) and a fine mesh (1856 elements).

The load-displacement curves computed on the three different meshes are plotted in
Fig. 15. The left representation exhibits the results obtained by use of the standard for
mulation (non-polar skeleton). It is easily seen that the load displacement curve, even for
the source mesh computations, tends to yield a vertical tangent. Concerning the com
putations on the middle mesh and the fine mesh, no results can be obtained without
additional numerical regularization techniques (e.g. arc length method), since there is no
unique relation between load and displacement.

In the right representation of Fig. 15, the load-displacement curves of the micropolar
material are plotted. The regularization effect of the Cosserat formulation can clearly be
observed, i.e. the computations can be carried out on all mesh sizes. Furthermore, the mesh
dependence of the solution carried out by use of the standard formulation already vanishes
on the medium mesh. Moreover, in comparison of the results computed on the medium
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Fig. 15. Load-displacement curves: (left) non-polar material and (right) micropolar material.
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Fig. 16. Numerical biaxial test with weakened area: (left) non-polar material and (right) micropolar
material.

and on the fine mesh, it is observed that the shape of the curves is only determined by the
Cosserat parameters and not by the spatial discretization.

In Fig. 16, the plastic vertical strain computed on the course mesh is plotted for
the standard formulation (left) and for the extended micropolar formulation (right). In
comparison of both formulations, the influence of the additional micropolar degrees of
freedom governed by the internal length scale parameter Ie obviously leads to a widening
of the shear band.

Example 3 : Biaxial test with random distribution ofAS
The third example concerns the same biaxial test that has already been discussed in

the second example. In order to furthermore clarify the onset and the development of shear
bands, the Lame constant AS is randomly distributed over the whole domain within local
deviations of ±0.5%. In contrast to the above computations, where pS and AS are weakened
in a small domain, thus predicting the point where the localization starts, a random
distribution of },S does not prescribe the location of the onset of shear banding.

In the framework of the extended micropolar formulation, the computations have
been carried out on the medium mesh, compare Fig. 17. When initial plastic yielding occurs
(Fig. 17 top left), the plastic deformations are randomly distributed, namely as a result of
the random distribution of AS. When the loading proceeds (Fig. 17 top right), shear banding
starts, and the onset of several shear bands can be observed. After a while, it turns out that
there is only one dominant band (Fig. 17 bottom left and bottom right). However, the
location of this band cannot be predicted. Since the random distribution of AS is responsible
for a non-homogeneous problem and thus, for the possibility of shear banding, the final
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Fig. 17. Numerical biaxial test with random ;.8 (Cosserat formulation).

location of the shear band mainly depends on the spatial discretization. As a result,
proceeding from a different mesh would obviously lead to a different location of the final
dominant shear band.

6. CONCLUDING REMARKS

In the present contribution, non-polar and micropolar elasto-plastic frictional porous
solid materials have been studied. In particular, the continuum mechanical results have
been applied to localization phenomena, where the regularization of a basically ill-posed
problem, as for instance an empty skeleton material described within the standard formu
lation, could be carried out by the inclusion of additional degrees of freedom in the sense
of the Cosserat brothers (extended formulation) and/or by the inclusion of a viscous pore
fluid.

The numerical examples demonstrate the efficiency of the proposed method. In particu
lar, proceeding from the extended micropolar formulation opens the possibility to implicitly
include the shear band width into the problem by proposing convenient numbers for the
internal length scale parameter. However, since the inclusion of a viscous pore-fluid con
cerns a different mechanical problem than the description of an empty porous material,
regularization by fluid viscosity is clearly restricted to volumetrically coupled saturated
problems.

The numerical procedure carried out in the present contribution offers the possibility
of describing saturated and empty skeleton materials in the framework of both the standard
and the extended formulations.
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